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Abstract— Identification has been one of the main focus
of the neural and fuzzy structures when applied to static
unknown functions, which is now a mature research field.
However, in the case of dynamic systems, the identification
process becomes more complex, as the mathematical models
are usually given by partially unknown differential equations.
In this work we analyze the class of nonlinear systems that
can be identified by a recurrent neuro-fuzzy network using
the adaptive observer approach and state-space analysis. The
resulting neuro-fuzzy identifier uses only input-output data.
The convergence and stability proof, as well as the ultimate
bound of the identification error are given. An application
example is included to demonstrate the effectiveness of the
proposed method.

Key words: Neural-network models, Fuzzy modeling,
System Identification, Continuous and discrete-time systems.

I. INTRODUCTION

Recently in many research works, the fuzzy systems and
neural-networks have been used as identifier structures for
static functions to consider both parameter and structure
learning (Cybenko, 1989; Nelles, 2001). Given their scal-
able complexity and developed training algorithms, these
structures have also been developed to implement control
systems without requiring the full knowledge of the system
dynamics, with only an identification of the static part of
the plant (Werbos, 1974; Narendra y Parthasarathy, 1990;
Wang, 1994). The term neurofuzzy has rose as a way of
describing the neural-network-based algorithms and struc-
tures melted with the interpretability of the fuzzy systems,
in the sense that the weights in a neural network are usually
difficult to understand, and that the parameters in a fuzzy
system can be easily (given a proper structure) interpreted
and then give some insight about their design.

These results have been extended to deal with dynamic
systems, where several structures have been proposed (and
then called recurrent or dynamic neural networks or neuro-
fuzzy networks). In general, the idea started by providing to
each individual network with a single bit memory (Hopfield,
1982), eventually evolved to make each layer to have some

local linear dynamics (Narendra y Parthasarathy, 1990).
However, these approaches still lacked some insight to
the system, although provided with good approximation
capabilities. From these results, the structures continued to
evolve and several approaches were considered: time-delay
networks, fully recurrent networks for identification (Weibel
et al., 1989); networks such as globally static-locally recur-
rent structures (Back y Tsoi, 1990) for identification with
linear filter neurons in the synapsis.

It is a known fact that the approximation capabilities of
the network depend on both the structure and the training al-
gorithm. In the beginning, for both static and dynamic struc-
tures, gradient schemes were considered (such as the well-
known backpropagation (Werbos, 1974), backpropagation-
through time (Rumelhart et al., 1986) and real-time recur-
rent learning (Williams y Zipser, 1989)). While in the static
case several schemes have been proposed, with reduced
computation time and proven convergence (Nelles, 2001),
when reinterpreted to the dynamic case, these schemes tend
to be unstable, sluggish (Mastorocostas y Theocharis, 2002),
and in general, unreliable, as the internal dynamics now play
an important role in the whole learning scheme. Some linear
approximations have been considered to overcome these
drawbacks, such as the recursive-least-squares (Passino,
1998) and Kalman filters (Haykin, 2001). However, they
have a more difficult stability analysis. One way for by-
passing this is by considering ellipsoids (de Jesús Rubio y
Yu, 2007).

The internal structure of the network has a close relation-
ship with the complexity of the network itself, and even a
closer relationship with the system theory, where two main
representations for systems have been considered: input-
output (Gonzalez Olvera y Tang, 2007) and state-space
models (Poznyak et al., 2001; Poznyak et al., 2006; Yu
y Li, 2004; Mastorocostas y Theocharis, 2002). In general,
the main difference is that the input-output representation
does not consider the internal dynamic signals of the system
(only the input-output response), while in the proposed
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state-space models it is usually required that the whole
states are measurable in order to identify the dynamics.
Another difference in these structures is the nature of the
time considered: when dealing with continuous time or
discrete-time, the training algorithm and analysis change
in consequence.

In this work we give a general view and a proposal to
merge these last points of view into a single structure, by
considering a class of dynamic systems to be identified
where only input-output data and some structure infor-
mation are available. We use a state-space representation
(Gonzalez-Olvera y Tang, 2009), given in both continuous-
time (CT) and discrete-time (DT) to analyze from a system
theory point of view (Bastin y Gevers, 1988; Marino,
1990; Zhang, 2002), the sufficient conditions to obtain such
structures and training algorithms, with Lyapunov-based
convergence and ultimate boundness proof. In Section II
we give a basic analysis of the problem, followed by a
proposed structure. In Section III we present an identifier
structure that trains and identifies the input-output response
of a class of nonlinear systems. In this same section the
boundness and convergence of the training algorithm are
discussed. Examples of the performance of the neural
identifier are shown in Section IV with some applications.
Finally, conclusions are drawn in Section V.

II. PROBLEM STATEMENT

Consider a single-input-single-otuput system in
continuous-time

ẋ = f(x(t), u(t)),

y(t) = h(x(t)), (1)

where f : <n × < → <n and h : <n → < are
smooth and bounded functions, x ∈ <n and y, u ∈ < are
the input and output signals, respectively. The problem to
be addressed in this work is to identify the input-output
dynamics of the system and reconstruct it when only some
qualitative information on the system and input-output data
are available. These conditions requiere that the class of
systems must be observable and controllable in the region
of interest, that is, that the entire dynamics of the system
can be reconstructed from input-output data.

Towards to this end, we need to make some assumptions
about this system:

i) Assumption 1. The system is controllable in the region
of interest.

ii) Assumption s. The system is observable, that is, the
states can be reconstructed from measurements of the
input and output signals.

Now, if (1) complies with the these assumptions, it
belongs to the class of nonlinear systems transformable to
an output feedback form, provided that some geometric
conditions are fulfilled. Let z = T (x) a diffeomorphism

then (Marino, 1990),

ż(t) = Az(t) + f̄(y(t), u(t)),

y(t) = Cz(t), (2)

with f̄(y, u) smooth and (A,C) in observer canonical form

A =

[
0n×1

I(n−1)×(n−1)

01×(n−1)

]
, (3)

C =
[

1 01×(n−1)

]
. (4)

Let an output injection Ly in the state equation (2),

ż(t) = Az(t) + f̄(y(t), u(t)) + Ly(t)− Ly(t)

= Āz(t) + f̄(y(t), u(t)) + Ly(t),

= Āz(t) + f̄∗(y(t), u(t)), (5)
y(t) = Cz(t). (6)

Desired stable dynamics can be set into matrix Ā ∆
= A−LC

by properly choosing L. The problem is now to identify the
term f̄∗(y, u) = f̄(y, u) + Ly.

By the universal approximation theorem (Wang, 1994), as
f̄∗ is assumed smooth and bounded, a neurofuzzy structure
ϕ(y(t), u(k), θ) can identify the function f̄∗(y, u) with
arbitrary precision. In this work, we consider that the
network is linearly parametrizable, so ϕ(y(t), u(t), θ) =
ϕ(y(t), u(t))θ. In this form, the functions f̄∗ can be ap-
proximated by a recurrent network

f̄∗(y, u) = ϕ(y, u)θ + ε,

where ε is the approximation errors of the network. The
objective is now to find a structure based on recurrent neural
networks described by

η̇(t) = Āη(t) + ϕ(y(t), u(t))θη,

ŷ(t) = Cη(t), (7)

using only the input signal u(t) and the output measurement
y(t), to generate a dynamic mapping u(t)→ ŷ(t), such that
supt≥0 |ŷ(t) − y(t)| is minimized by tuning the network
parameter θ, where matrix Ā is defined previously.

The proposed algorithm and neurofuzzy structure are to
be focused to use only input-output data to identify the
parameters θη , and estimate the states η̂.

III. NEUROFUZZY STRUCTURE AND ALGORITHM

The neurofuzzy network is defined by the fuzzy rules

Ri : If y(t) is Fi and u(t) is Hi then

η̇i(d) = Aη(t) +


θu,i,1
θu,i,2

...
θu,i,n

u(t)

+


θy,i,1
θy,i,2

...
θy,i,n

 ρ(y).

(8)
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where A is a Hurwitz matrix and ρ(y) is a monotonic
increasing sigmoid function, such that limy→±∞ ρ(y) =
±1, ρ(0) = 0. The fuzzy sets for u and y are characterized
by the membership functions F yi = exp(−σ2

yi(y − µyi)2),
Fui = exp(−σ2

ui(y−µui)2), so the activation value of each
rule is Fi = F yi F

u
i = exp(−σ2

yi(y−µyi)2−σ2
ui(u−µui)2)

(Gonzalez-Olvera y Tang, 2008). If the defuzzification is
defined as η̇ =

∑r
i=1 Fiη̇

i, the regressor can be expressed
as

ϕ(y, u) =
[
diag(F ) diag(F )u diag(F )ρ(y)

]
∈ <n×3r,

(9)
where F =

[
F1 . . . Fr

]
∈ <r. Consequently, θη ∈

<3r×1.
Remark 1: It can be noticed that through the transforma-

tion from (1) to (2), the regressor is a function of the input
and output signals of plant. The consequent part in the above
fuzzy rules is designed in such a way to avoid parameter
explosion and to meet the persistent excitation condition
(see below). However, other type of fuzzy rules may be
considered, as long as they comply with the persistent
excitation condition.

Remark 2: The main objective of the fuzzy part is to
obtain a partition of the space y-u where each zone can be
approximated and identified by the proposed local system
in (8).

A. Training algorithm

As in the continuous-time case, an output injection is
considered for the state equation of (7) in the form

η̇ = (A−KC)η + ϕθη +Ky.

Following a similar treatment as (Zhang, 2002), the states
of this ideal network can be decomposed in

η = ηy + ηϕ, (10)

where

η̇y = (A−KC)ηy +Ky, (11)
η̇ϕ = (A−KC)ηϕ + ϕθη. (12)

Clearly, an estimator for ηy can be easily obtained by

˙̂ηy = (A−KC)η̂y +Ky, (13)

and an estimator for ηϕ is proposed to have the form

˙̂ηϕ = (A−KC)η̂ϕ + ϕθ̂η + Υ(t)
˙̂
θη, (14)

where Υ defines a dynamic transformation η̂ϕ = Υ(t)θ̂η .
By developing the derivative of η̂ϕ,

dη̂ϕ
dt

= Υ̇θ̂η + Υ
˙̂
θη, (15)

= (A−KC)Υθ̂η + ϕθ̂η + Υ
˙̂
θη. (16)

we have that

Υ̇θ̂η = (A−KC)Υθ̂η + ϕθ̂η, (17)(
Υ̇− (A−KC) Υ− ϕ

)
θ̂η = 0. (18)

This last equation gives

Υ̇ = (A−KC) Υ + ϕ, (19)

which describes a filtered version of ϕ.
Since the regressor ϕ is bounded, so is Υ because A −

KC a Hurwitz matrix. The training algorithm is proposed
to be

˙̂
θη = ΓΥTCT (y − Cη̂), (20)

where Γ is a positive definite constant gain matrix. The
stability and convergence of the proposed network and the
training algorithm are summarized in the following theorem.

Theorem 1: Consider the system (1). Assume that it
is observable in the region of interest, and transformable
through a diffeomorphism into the equivalent system (2).
The following neurofuzzy network

˙̂η = Aη̂ + ϕ(u, y)θ̂η +
(
K + ΥΓΥTCT

)
(y − Cη̂) , (21)

with the training algorithm

˙̂
θη = ΓΥTCT (y − Cη̂), (22)

where (A,C) is observable, Γ > 0, the gain matrix K ∈ <n
is such that A−KC is Hurwitz, and

Υ̇ = (A−KC) Υ + ϕ, (23)

the filtered version of ϕ, guarantees that all signals are
bounded, and the state estimation error z̃ = η̂ − z and
parameter error θ̃ = θ̂η − θη are ultimately bounded,
provided that the regressor matrix is persistently exciting,
i.e., ∫ t+T

t

ΥT (τ)CTCΥ(τ)dτ ∈ [αI, βI]. (24)

for t ≤ 0 and some 0 < α ≤ β, and T > 0.
Proof: Following the Stone-Weierstrass Theorem, the

smooth function f̄(y, u) can be approximated by ϕ(y, u)θη
with arbitrary precision in a compact set contained in the
region of interest, and then f̄(y, u) − ϕ(y, u)θη = ε(t),
where ε(t) is the approximation error for the set of optimal
parameters θη (depending on the minimizing criteria con-
sidered). In this sense, the system (2) can be represented
as

ż = Az + ϕ(y, u)θη + ε(t), (25)
y = Cz, (26)

Now, considering a network (7) such that η is meant to be
an estimate of z, and defining the error signals

θ̃ = θ − θ̂, z̃ = z− ẑ, ξ(t) = z̃−Υθ̃, (27)

the derivative of the previous equation represents the error
signal dynamics, which are

ξ̇(t) = (A−KC)ξ − ε, (28)
˙̃
θ = −ΓΥTCTC(ξ + Υθ̃). (29)

It follows that, while ε is bounded, ξ is bounded, as the
matrix A − KC is designed to be Hurwitz. Moreover, Υ
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must be bounded as it is obtained from a stable filtering of
ϕ, that is also bounded.

Now, it can be proven (Zhang, 2002) that under a
persistent excitation condition (24) the origin of the system

χ̇ = −ΓϕTϕχ (30)

is exponentially stable. It follows that the homogeneous part
of (29) is also exponentially stable. Therefore, the equation
(29) is exponentially stable with a bounded perturbation,
which implies the boundness and the ultimate boundness
of θ̃.

Remark 3: The assumption of the sufficient small ap-
proximation error (that is, that the approximation error is
much lesser than the amplitude of the signals considered)
was made in the proof of the above theorem. However, as
neural networks involve a inherent approximation error, the
result of the theorem can be considered to have a practical
stability of the estimation and parameter error. Also note
that the eigenvalues of Ā − KC and Γ play an important
role in the convergence and filtering of the identification
algorithm.

B. Extension to Discrete-Time case

In many practical situations, the signals of the system
(1) measured in an experimental framework are generally
obtained using analog-to-digital converters. Therefore, a
discrete-time model has to be obtained from (1) in the form:

x[k + 1] = f(x[k], u[k]),

y[k] = h(x[k]). (31)

In discrete-time, the equivalent system (2) turns to be

z[k + 1] = Adz[k] + f̄d(y[k], u[k]),

y[k] = Cz[k]. (32)

Applying the output injection to the above equation

z[k + 1] = Adz[k] + f̄d(y[k], u[k]) + Ldy[k]− Ldy[k]

= Ādz[k] + f̄d(y[k], u[k]) + Ldy[k],

= Ādz[k] + f̄∗d (y[k], u[k]), (33)
y[k] = Cz[k].

As in the continuous-time case adesired stable dynamics
can be set into matrix

Ād
∆
= Ad − LdC,

and the problem is now to identify the term f̄∗(y[k], u[k]).
Consider the following discrete-time recurrent neuro-

fuzzy identifier

η[k + 1] = Ādη[k] + ϕ(y[k], u[k])θd,η,

ŷ[k] = Cη[k]. (34)

Following a similar treatment as in the continuous-time
case (Combastel et al., 2006), the parameters and the

network internal state can be estimated through

Υ[k + 1] = (Ād −KC)Υ[k] + ϕ[k] (35)

θ̂[k + 1] = θ̂[k] + µ[k]Υ[k]TCT (y[k]− Cη̂[k]) (36)

η̂[k + 1] = (Ād −KC)η̂[k] + ϕ[k]θ̂[k] +Ky[k]

+Υ[k + 1](∆θ̂[k]) (37)

where η̂ is the estimation of η, Ad − KC is a Hurwitz
and filter matrix for ϕ, Γ is a positive definite gain matrix
(possibly time-varying). The parameter and estimation error
are exponentially convergent given that the regressor ϕ[k]
is persistently exciting, as stated in the next theorem:

Theorem 2: Consider the system (31) and the network
(8). Assume that the approximation error is sufficiently
small, then the training algorithm results in an exponential
convergence of the parameters as well as the states to a
neighborhood of their true values (that is, η̃ = η̂− η → N0

and θ̃ = θ̂ − θ → N0), given that the persistence of
excitation condition

1

L

k−L−1∑
i=k

ΥT
i [i]CTCΥ[i] ≥ αI (38)

is fulfilled for some positive constants L, α.
Remark 4: The persistence of excitation condition im-

plies that all the rules are activated in a certain period
of time, and then filtering Υ contains all the original
frequencies in ϕ. Also note that in both conditions, the
resulting algorithms and conditions turn to be quite similar.

IV. EXAMPLES

A. 2-DOF Manipulator in the Image Plane

The visual servoing problem that in recent years has
grown in interest, and deals with the visual measurements
used directly in the control loop. One of the main prob-
lems involved in these systems is that, while the robot
manipulator has a well known model and identification
methods have been available, the vision system introduces a
nonlinear transformation and modifies the dynamics as seen
in the image plane. In this example a black-box modeling
of a 2-DOF planar robot in the image plane is considered.
The input for the identification is the voltage fed into the
actuators, and the output is the angle of each joint as seen
in the image plane. A general view of this system is shown
in Fig. 1.

For validation purposes, the network is tested in an
simulated platform in the identification of a 2-DOF planar
robot in the horizontal plane, where the input is the pair of
voltages u1 and u2 that are fed into the DC-motors, and
the output is the measured angle φ1 as seen on the image
plane. In this case, the data were obtained from simulating
the system in Fig. 1 with manipulator dynamics given in
(Spong, 1989), and pin-hole camera model (Kelly, 1996)
with the parameters obtained from a visual servoing system
in the laboratory (Rodriguez y Tang, 2009).

The validation is ran in two parts: first, data are collected
from a simulation of the voltage-image system, assuming
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viscous friction, and these data are used to train the network
in continuous-time, and afterwards the discrete-time scheme
is run. In order to evaluate the performance of the network,
the root-mean-square error is evaluated.

1) Continuous-time identification: For this network, n =
4 and r = 4 are considered, so the total number of parame-
ters is nT = 48, and the input and output signals were nor-
malized according to their maximum values. The network
is tested considering a single-output problem, so in each
case a different network can be trained considering as the
output y(t) = φ1(t) or y(t) = φ2(t). For the sake of space,
only the result with y(t) = φ1(t) is shown. The antecedent
parts of each fuzzy rule are obtained from a Fuzzy C-Means
algorithm, obtaining the antecedent functions depicted in
Fig. 2. The training for each case is taken for several epochs,
until a minimum RMS error was achieved. The training
is shown in Fig. 3, and the approximation is shown in
Fig. 4, where matrices A and C are taken in observable
canonical form, with λ(A) = {0,−2,−3,−4}, for (8) the
dynamics are chosen as λ(A−KC) = {−2,−3,−4,−6},
and Γ = InT×nT

·α, where α begins in 104, and decreases
during training to 100.

Fig. 1. Servo-Visual Sytem

Fig. 2. Membership Functions for y(t) = φ1

Fig. 3. a) Parameter evolution, b) RMS error for y(t) = φ1.

Fig. 4. Modeling results for simulated data (φ1) - Continuous-Time.

2) Discrete-time identification: For this example, the
same data is considered to train the discrete-time structure,
using a similar framework to obtain the membership func-
tions. In this case, matrices A and C are taken in observable
canonical form, with λ(A) = {1, −0.03, −0.04, −0.05},
for (8) the dynamics are chosen as λ(A − KC) =
{0.091, 0.09, 0.089, 0.088}, and Γ = InT×nT

· α, where
α begins in .01, and decreases during training to 0.005 in
four epochs, considering a sampling time of 100 ms, as
shown in Fig. 5 and 6. It can be seen that the network does
approximate the dynamics of the actual system.

V. CONCLUSIONS

In this paper we have presented a recurrent neurofuzzy
network for modeling and identification a class of nonlinear
systems using only input and output data. Both continuous-
time and discrete-time identifiers are presented. It gives
both the state and parameter estimates of the plant, with a
bounded identification error as well as bounded parametric
error, that will depend on the approximation capabilities of
the network, using the Lyapunov theory. An example was
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Fig. 5. a) Parameter evolution, b) RMS error for y(t) = φ1. c)Gamma

Fig. 6. Modeling results for simulated data (φ1) - Discrete-Time.

presented in order to show the identification effectiveness
of this network in both cases. Also, for future work we
consider to train also the antecedent parameters to improve
the quality of the identification.
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